We define an embedding of the space of complex momenta and masses in perturbation theory into a universal projective space. This embedding is natural in the sense of properties of the vector bundle defined by Feynman integrals on the complement to Landau varieties. We point out that there is a holonomic D-module associated with individual Feynman integrals. We quote explicit generators for this D-module on the fully deformed space of particle momenta. This basis is quadratic in the derivatives. We conclude that there is holonomic D-module on the physical space of momenta.
Introduction
Particle configuration spaces are of utmost importance for both collider phenomenology and theoretical investigations in the Standard Model physics. Properties of multiparton configuration spaces are essential for investigation of confinement problem and in models of bound states. With the current formulation of quantum field theory, the only available framework for investigation is based on perturbation theory. From the pragmatic point of view of perturbation theory, it is important to analyse parton momenta configurations from the viewpoint of algebraic geometry.
In this note we make the observation that there is natural universal space in which tuples of particle momenta are embedded. These spaces are complex projective spaces of large dimension, and the space of particle momenta together with masses embed as algebraic varietiy (we make analytic continuation and consider these quantities as complex). The advantage of this viewpoint comes from the fact that the original Feynman integral can be considered as a pull-back of a flat bundle on this univesal space to the subvariety. The flat bundle on the univesal space has particularly simple form. It is a generalized hypergeometric function in the sense of Gelfand, Kapranov and Zelevinsky (GZK in the following) [8] .
Apart from bringing simplicity to Feynman integrals, our appoach brings the extensive machinery developed for the study of hypergemetric functions (HG in the following). Among the many developments, we wish to point out the fact that HG functions have bases of solutions indexed by points in the secondary polytope of the integrand [8, 11] . It is quite likely that, after lifting regularization, this structure will explain the emergence of polylogarithms that is typical in perturbation theory [2] .
Definition of the problem
The classical Feynman integrals are defined as
see [4] for details. The integration is performed over a contour with boundary at infinity in the complex projective space. We note here that we used iǫ prescription to do complex continuation, so both momenta and masses are now in complex space. The contour of integration no longer intersects any of the Feynman quadrics
This integral has therefore a vector index ζ, and these intergals, collected for all values of ζ, form a vector bundle. This bundle is defined for generic complex values of momenta and masses. As the parameters vary, there are topological transitions in multiple intersections of the Feynman quadrics. These values constitute Landau varieties of the integral, which form a multicomponent singularity locus of the integral [5] . The filber bundle is flat, but has nontrivial monodromy.
The universal deformation of multimomenta space
One of the starting points of the theory of hypergeometric functions are so-called Euler integrals
In this expression Pi =
are polynomials with generic coefficients. Therefore, these integrals are naturally considered on the affine space
The integrals develop singularities on the discriminants associated to the system of polynomials Pi. On the complement to the discriminants the integral defines a section of a flat vector bundle. The flat connection is the Gauss-Manin connection [10] . It is therefore natural to define the maximal deformation by introducing variable coefficients for all the monomials involved in the denominators of the Feynman quadrics.
Definition Universal deformation of the multimomenta space {(pi,α,µ, mi,α)} is obtained by introducing variable coefficients for all monomials in the integrand. As a result, we obtain the following integral
We also introduced "fully regularized" integrals, by allowing the exponents to be arbitrary complex numbers.
It is known [11] that the HG functions may have poles at integer powers αi, γµ. This fact corresponds to degeneration in the cohomology of the local system defined by the integrand. This degeneration is very important as it is related to the mechanism by which polylogarithms emerge. However, the theory is much simpler for generic complex values of the powers αi and in this paper we restrict our attention only to this case.
We now turn to the description of the embedding of physical space of momenta into the universal space. It is given by the choice
4 Holomorphic properties of the vector bundle on the universal space
The integrals 6 define a vector bundle on the parameter space, as for different choice of contour of integration we obtain different function. The variation of the integral as the parameters vary along a loop in the complement to the multiple dicriminantal loci
is given by the variation matrix that acts on the middle dimensional cohomology
It is known [3] that this operator is nilpotent and can be related to the mixed Hodge structure on the space CP n − {Pi 1 = 0} ∪ ... ∪ {Pi s = 0}. Algorithms for its computation were discussed in [6] from the point of view of combinatorial geometry.
The remarkable discovery of [8] was that there is a holonomic Dmodule associated to the function 3. We will describe this D-module for the case of fully deformed and fully regularized Feynman integrals 6. The relations in the GZK D-module are of 3 types. 
It is easy to see that each of the Euler intergals satisfies
In practice, it is enough to have finitely many of such equations, one for each of the basis vector of the lattice L.
Type 2. Integration by parts (IBP) relations. These equations come from the basic IBP identity
Which gives
Starting from particular (complex γµ ) we can obtain a lattice of relations.
Type 3. Homogeneity relations. These relations are of the form
It can be proven [8] that these relations define a holonomic D-module. We observe that in the case of fully deformed Feynman integrals it is possible to decribe the lattice L fully. It is generated by the following terms
The proof is most easily conducted by the Fourier method, pioneered in [8] . Here we just give a heuristic dimension counting argument. In Fourier space, the lattice relations can be solved for Fourier conjugates of A i,α,a,b,µ , as there is at least one such equation for each of these variables. There are as many homogeneity equations as there are C j,β variables. There is certain subtlety involved in defining Fourier conjugates of Bi,α,a,µ which is difficult to make explicit without use of toric geometry. We refer to the original paper [8] for accurate counting argument.
5 Examples.
1-loop
In this section we consider the simplest of the cases, namely 1-loop integrals. The starting point is
The fully deformed integral takes the form
Therefore, the original space {pi,µ, mi} = C s(d+1) is embedded in C s(2d+1) . The lattice relations take the form
2-loop
The starting point in this case is 
Conclusion
In this paper we defined an embedding of the physical momenta space of a Feynman diagram in a complex projective space. This embedding is natural from the point of view of the flat vector bundle that defines the perturbative amplitude. The holomorphic system of differential equations takes especially simple form on this space. There is substantial amount of extra structure attached to this space. The hypergeometric function that defines fully regularized integral is essentially determined by its monodromy around components of the principal discriminant [9, 7] . The components of the principal discriminant are essentially determined by the toric geometry of the algebraic torus defined by the integration variables (qa,µ) ∈ (C
The combinatorial information coming from representations of this torus must play important role in the structure of Feynman amplitudes. In particular, the volume of the polytope of the toric variety cited above determines the number of master integrals [9] necessary for determining the Gauss-Manin connection, a topic of large interest in computational approaches. [1] More broadly, the universal space we introduced will probably play a role in nonperturbative formulations of QCD. The reason we can express this belief is the similarity of amoebas of discrimiantal loci [9] ( which are known to be related to the convergence regions of Γ-series expansions and therefore to the asymptotics near the discriminantal loci) and the observed events at hadronic colliders. This topic is under active investigation.
